A gravitational field model based on two symmetric tensors, g µν andg µν , is presented. In this model, new matter fields are added to the original matter fields, motivated by an additional symmetry (δ symmetry). We call them δ matter fields. We find that massive particles do not follow geodesics, while trajectories of massless particles are null geodesics of an effective metric. Then we study the Cosmological case, where we get an accelerated expansion of the Universe without dark energy.
of the original symmetry. When we apply this prescription to GR, we obtainδ Gravity. For these reasons, the original motivation was to develop the quantum properties of this model (See [20] ).
Before continuing we want to introduce a word of caution. In what follows we want to study δ-gravity as a classical effective model and use it in Cosmology. This means to approach the problem from the phenomenological side instead of neglecting it a priori because it does not satisfy yet all the properties of a fundamental quantum theory. Examples of this approach in the current literature are plentiful [26, 27, 28, 29, 30, 31] .
The nature of Dark Energy is such an important and difficult cosmological problem that cosmologists do not expect to find a fundamental solution of it in one stroke and are open to explore new possibilities.
In [24, 25] we presented truncated versions ofδ Gravity applied to Cosmology. Theδ symmetry was fixed in different ways in order to simplify the analysis of the model. The results were quite reasonable taking into account the simplifications involved. In this work we present the full fletgedδ Gravity. In order to preserve theδ symmetry we must introduceδ matter.
We will see that the main properties of this model at the classical level are: (a) We agree with GR, far from the sources. In particular, the causal structure ofδ Gravity in vacuum is the same as in general relativity. (b) The necessary quantity of dark matter could be considerably less that we expected. (c) When we study the evolution of the Universe, it predicts accelerated expansion without a cosmological constant or additional scalar fields. The Universe ends in a Big-Rip, similar to the scenario considered in [26]- [30] . (d) The scale factor agrees with the standard cosmology at early times and shows acceleration only at late times. Therefore we expect that primordial density perturbations should not have large corrections.
Moreover the value of the cosmological parameters improve greatly by the inclusion ofδ matter. For instance, the age of the Universe is much closer to the Planck satellite value now than the value we got in [25] .
In Section 1, we will present theδ Gravity action that is invariant under extended general coordinate transformation. We will find the equations of motion of this action. We will see that the Einstein's equations continue to be valid and we will obtain a new equation forg µν . In these equations, two energy momentum tensors, T µν andT µν , are defined. Additionally, we will derive the equation of motion for the test particle. We distinguish the massive case, where the equation is not a geodesic, and the massless case, where we have a null geodesic with an effective metric. In Section 2, we will study the cosmological case. We obtain the accelerated expansion of the universe assuming a universe without dark energy, i.e. only having non-relativistic matter and radiation which satisfy a fluid-like equation p = ωρ. We will see that the most relevant element is the fraction between radiation and non-relativistic matter density in the present, producing a Big-Rip. A preliminary computation was done in [24] , where an approximation is discussed. Later, in [25] , we developed an exact solution of the equations consistent with the above assumptions. However, in both cases we assumed that we do not haveδ matter, such that the new symmetry is broken. In all these cases, the solution is used to fit the supernovae data and we obtained a physical reason for the accelerated expansion of the universe within the model: the existence of massless particles. If massless particles were absent, the expansion of the Universe would be the same as in GR without a cosmological constant.
It should be remarked thatδ Gravity is not a metric model of gravity because massive particles do not move on geodesics. Only massless particles move on null geodesics of a linear combination of both tensor fields. Additionally, it is important to notice that we will work with theδ modification for General Relativity, based on the Einstein-Hilbert theory. From now on, we will refer to this model asδ Gravity.
1δ Gravity.
Using the prescription given by Appendix A, we will present the action ofδ Gravity and then we will derive the equations of motion. Additionally, we will study the test particle action separately for massive and massless particles.
Equations of Motion:
Now, we are ready to study the modifications of gravity. For this, let us consider the Einstein-Hilbert Action:
where
is the lagrangian of the matter fields φ I . Using (79), this action becomes:
where κ = 8πG c 2 ,g µν =δg µν and:
whereφ I =δφ I are theδ matter fields. So, the equations of motion are:
with:
where (µν) denotes that µ and ν are in a totally symmetric combination. An important fact to notice is that our equations are of second order in derivatives which is needed to preserve causality. We can show that (6) µν =δ [(5) µν ]. Finally, from Appendix A, we have that the action (2) is invariant under (77) and (78). This means that two conservation rules are satisfied. They are:
It is easy to see that (8) isδ (D ν T µν ) = 0.
Test Particle.
In the previous subsection we found the equations of motion forδ Gravity. However, we need to know how the new fields affect the trajectory of a test particle. For this, we will study the test particle action separately for massive and massless particles. The first discussion of this issue inδ Gravity is in [24] .
Massive Particles:
In GR, the action for a test particle is given by:
This action is invariant under reparametrizations, t = t − (t). In the infinitesimal form is:
Inδ Gravity, the action is always modified using (79) from Appendix A. So, applying it to (9), the new test particle action is:
where we have defined y µ =δx µ and we used that g µν = g µν (x), soδg µν =g µν + g µν,ρ y ρ . Naturally, this action is invariant under reparametrization transformations, given by (10), plusδ reparametrization transformations:
just like it is shown in (68). On the other side, the presence of y µ suggests additional coordinates, but our model just live in four dimensions, given by x µ . Actually, y µ can be gauged away using the extra symmetry corresponding to˜ in equation (12) , imposing the gauge condition 2g µνẏ µẋν + g µν,ρ y ρẋµẋν = 0. However, the extended general coordinate transformations (77) and (78), as well as the usual reparametrizations, given by (10) , are still preserved. Finally, (11) is reduced to:
Far from the sources, we have the boundary conditions g µν ∼ η µν andg µν ∼ 0. In this limit we recover the action for a massive particle of mass m in Minkowsky space.
This action for a test particle in a gravitational field is the starting point for the physical interpretation of this model. Now, the trajectory of massive test particles is given by the equation of motion of x µ . This equation say us that g µνẋ µẋν = cte, just like GR. Now, if we choose t equal to the proper time (See Appendix B), then g µνẋ µẋν = −1 and the equation of motion is reduced in this case to:
The equation (14) is a second order equation, but it is not a classical geodesic, because we have additional terms and an effective metric can not be defined. Moreover, the equation of motion is independent of the mass of the particle, so all particles will fall with the same acceleration.
Massless Particles:
The massless case is particulary important in this work, because we need to study photon trajectories to define distances. Unfortunately, (9) is useless for massless particles, because it is null when m = 0. To solve this problem, it is a common practice to start from the action [32] :
where v is an auxiliary field, which transforms under reparametrizations as:
From (15), we can obtain the equation of motion for v:
We see from (16) that the gauge v = constant can be fixed, so in GR the proper time −g µνẋ µẋν remains constant along the path. Now, if we substitute (17) in (15), we recover (9) . This means (15) is equivalent to (9) , but additionally includes the massless case.
In our case, a suitable action, similar to (15) , is:
In fact, inδ Gravity the equation of v is still (17) . Thus, by fixing the gauge v = constant, the quantity −g µνẋ µẋν remains constant along the path too. We will use this conserved quantity to define proper time in our model (See Appendix B). Additionally, if we replace (17) in (18), we obtain the massive test particle action given by (13) . But now, we can study the massless case.
If we evaluate m = 0 in (15) and (18), we can compare GR andδ Gravity respectively. They are:
with g µν = g µν +g µν . In both cases, the equation of motion for v implies that a massless particle move in a null-geodesic. In the usual case we have g µνẋ µẋν = 0. However, in our model the null-geodesic is given by g µνẋ µẋν = 0, so the trajectory obey a geometry defined by an specifical combination of g µν andg µν , g µν = g µν +g µν . The equation of motion for the path of a test massless particle is given by:
In Appendix B, the proper time defined for massive particles and the effective metric of massless particles are used to study the cosmological geometry. With this, we will define the effective scale factor to explain the accelerated expansion of the universe without a cosmological constant. This calculation will be elaborated in Section 2.
To summarize, we obtained the equations of motion ofδ Gravity, given by (5), (6) , (7) and (8) . In Appendix C, are presented the energy momentum tensors for a perfect fluid in equations (113) and (114). Then, we obtained how a test particle moves when it is coupled to g µν andg µν , given by (14) or (21) if we have a massive or massless particle respectively. In the next section we will obtain the accelerated expansion of the universe assuming a universe without dark energy.
Cosmological Case.
In this section we will study photons emitted from a supernova usingδ Gravity to explain the accelerated expansion of the universe without dark energy. For this, we have to use the correct cosmological geometry to represent an homogeneous and isotropic universe, given by the FLRW metric. In the harmonic coordinate system it is:
such that T (u) = dt du (u) and t is the cosmological time. In the same form,g µν is given by:
Now, if we impose (115) and (116) from Appendix D to fix the harmonic gauge, we obtain that
, where T 0 and T 1 are gauge constants. We use T 0 = 1 and T 1 = 0 to fix the gauge completely. So, with these conditions, the system (u,x,y,z) correspond to harmonic coordinate. Now, we can return to the usual system where g µν andg µν are given by:
These expressions represent an isotropic and homogeneous universe. From Appendix B, we know that the proper time is measured only using the metric g µν , but the space geometry is determined by the modified nullgeodesic, given by (21) , where both tensor fields, g µν andg µν , are needed. These considerations are fundamental to explain the expansion of the universe withδ Gravity. Now, with all these, we can study a photon trajectory from a supernova and solve the equations of motion.
Photon Trajectory and Luminosity Distance:
In this section we follow [24] . When a photon emitted from a supernova travels to the Earth, the Universe is expanding. This means that the photon is affected by the cosmological Doppler effect. For this, we must use a null geodesic, given by (21) , in a radial trajectory from r 1 to r = 0. Therefore, using (22) and (23), we obtain:
Define the effective scale factor (See Appendix B):
such that cdt = −R(t)dr. Now, if we integrate this expression from r 1 to 0, we obtain:
where t 1 and t 0 are the emission and reception times. If a second wave crest is emitted at t = t 1 + ∆t 1 from r = r 1 , it will reach r = 0 at t = t 0 + ∆t 0 , so:
Therefore, if ∆t 0 and ∆t 1 are small, which is appropriate for light waves, we get:
Since t measures proper time, we get:
where ν 0 is the light frequency detected at r = 0, corresponding to a source emission at frequency ν 1 . So, the redshift is given by:
We see thatR (t) replaces the usual scale factor R(t) to compute z. This means that we need to redefine the luminosity distance too. For this, let us consider a mirror of radius b that is receiving light from our distant source at r 1 . The photons that reach the mirror are within a cone of half-angle with origin at the source.
Let us compute . The path of the light rays is given by r(ρ) = ρn + r 1 , where ρ > 0 is a parameter andn is the direction of the light ray. Since the mirror is in r = 0, then ρ = r 1 andn = −r 1 + , where is the angle between − r 1 andn at the source, forming a cone. The proper distance is determined by the tri-dimensional metric, given by (See Appendix B):
in the cosmological case. Then b =R(t 0 )r 1 and the solid angle of the cone is:
where A = πb 2 is the proper area of the mirror. This means that = b r1R(t0)
. So, the fraction of all isotropically emitted photons that reach the mirror is:
.
We know that the apparent luminosity, l, is the received power per unit mirror area. Power is energy per unit time, so the received power is P = hν0 ∆t0 f , where hν 0 is the energy corresponding to the received photon. On the other side, the total emitted power by the source is L = hν1 ∆t1 , where hν 1 is the energy corresponding to the emitted photon. Therefore, we have that:
where we have used that
. Besides, we know that, in an Euclidean space, the luminosity
. Therefore, using (25) , the luminosity distance is:
We can also define the angular diameter distance, d A 1 . Let us consider a source with proper size D, situated at r = r 1 , that emits photons at t = t 1 . These photons reach us(r = 0) at t = t 0 . From (83) in Appendix B, the observed angular diameter of the source is θ =
If we compare it with (30), we obtain that:
Therefore, the relation between d A and d L is the same as in GR [34] . This result is important, because in other modified gravity theories this relation is not satisfied [35] . We will use d L to analyze the supernovae data, but d A could be useful for other phenomena. In the next sections, we will solve the equations of motion and fit the supernovae data.
Equations Solution:
In cosmology, the metric g µν is given by (22) . Besides, by (5) and (7), we know that Einstein's equations do not change and T µν is conserved. Therefore, the usual cosmological solution is still valid. So, using (113) from Appendix C with U µ = (c, 0, 0, 0), we obtain the well-known equations:
withḟ (t) = df dt (t) and we assumed that the interaction between different components of the universe is null. Additionally, to solve (32) and (33), we need equations of state which relate ρ i (t) and p i (t), for which we take p i (t) = ω i ρ i (t). Since we wish to explain dark energy withδ Gravity, we will assume that in the Universe we only have non-relativistic matter (cold dark matter, baryonic matter) and radiation (photons, massless particles). So, we will require two equations of state. For non-relativistic matter we use p M (t) = 0 and for radiation p R (t) = (32) and (33) and solving them, we find the exact solution:
where t(Y ) is the time variable, R 0 is the scale factor in the present, C =
, and Ω R and Ω M = 1 − Ω R are the radiation and non-relativistic matter density in the present respectively. We know that Ω R 1, so Ω M ∼ 1 and C 1. We can see that it is convenient to use Y like our independent variable. By definition, Y C describes the non-relativistic era and Y C describes the radiation era.
The equation of motion forg µν is given by (6) and (8), whereT µν is a new energy-momentum tensor forδ non-relativistic matter and radiation densities, given byρ M andρ R respectively. So, using (34)- (36) and (114) from Appendix C and Y as the independent variable, (6) and (8) are reduced to:
where we usedp M = 0,p R = 1 3ρ R and U T µ = 0. The solution of these equations are:
where C 1 , C 2 and C 3 are integration constants.ρ M (Y ) andρ R (Y ) are densities ofδ matter, so they must be not-negative functions. Then:
Evaluating (44) at Y = 0, we get C 2 ≥ 0 and 2C 2 + C 1 ≥ 0. On the other side, at Y C, we get C 3 ≤ 0.
On the other side, if we use (41) in (24) and defineỸ =R (t)
R(t0) , we can see that:
when Y C.Ỹ is the effective scale factor, so represent the evolution of the universe. We know that an accelerated expansion must be produced at late times, but the expansion must be driven by the non-relativistic matter and radiation at early times, this meansỸ Y = 1 + O(Y ). For this, we have to fix C 1 = 0 and C 2 = 0 to guarantee the temporal behavior of expansion is just like GR at early times. The other constants will be chosen such that a Big-Rip is produced. That isỸ (Y Rip ) = ∞. We need a Big-Rip to explain the accelerated expansion of the universe because we want thatỸ to grow quickly when Y is bigger. In Appendix B, we proved that the tri-dimensional metric is positive definite until the Big-Rip is produced.
The Big-Rip is determined by C 3 , but it is necessary a very small value for this parameter, if not the Big-Rip would be too early. However, if we use C 3 = 0, the Big-Rip is not produced and we cannot explain the accelerated expansion of the universe. So, using
3 ,with 1 C = 0, the effective scale factor is given by:
From (46), it is clear that the Big-Rip is produced when:
In summary, we have thatỸ ∼ Y in the radiation era, where Y C, so the Universe evolves without differences with GR. However, in some moment during the non-relativistic matter era, where Y C, an accelerated expansion is produced, ending in a Big-Rip. We will give more details for this when we study the supernovae data. Additionally, inequalities in (44) are always satisfied, then theδ densities are non-negative.
Analysis and Results:
Before we start the data analysis, we must define the parameters of the model. In the first place, d L in GR depends upon four parameters: Y , H 0 = 100h km s −1 Mpc −1 , Ω M and Ω R . However, from CMB black body spectrum we obtain the photons density in the present, Ω γ . Now, if we assume that Ω R = Ω γ +Ω ν = 1 + 3 The supernovae data gives the apparent magnitude, m, as a function of redshift, z. For this reason, it is useful to use z instead of Y . The apparent magnitude is:
where M is the absolute magnitude, constant and common for all supernovae. The difference between GR and δ Gravity is in d L (z). In GR, we have that:
with Ω Λ = 1 − Ω M − Ω R . From (49), we can fit the data for GR. On the other side, in our modified gravity model, the luminosity distance is given by (30) . So, using the relation in (36), we have, forδ Gravity, that:
where Y (z) = dY dz (z). Besides, to find Y (z) we must solve (29) . That is:
whereỸ 0 =Ỹ (1) 
andỸ (Y (z)) is given by (46).
The statistical method used to interpret errors in data is given by the variance σ in a normally distributed random variable. This means, if we are fitting a function y(x) with a set of points (x i , y i ), we must minimize [36] :
where N is the number of data points and σ yi is the error of y i . In our case, the data is given by (z i , µ i ), where:
is the distance modulus. Then:
Figure 1: Distance modulus vs Redshift. We have fitted 580 supernovae toδ Gravity, using the parameters that minimize (52).
Now
, we can proceed to analyze the data given in [37] with N = 580 supernovae. In both cases, GR andδ Gravity, d L is given by an exact expression, but we need to use a numerical method to solve the integral and fit the data to determinate the optimum values for the parameters that represent the µ v/s z of the supernovae data. For this, we used mathematica 11.0 2 . The parameters that minimize (52) are:
In GR: h = 0.7 ± 3.37 × 10 We can see in Figure 1 thatδ Gravity withδ matter fit the data very well. Now, with these values, we can compute the age of the universe and the Big-Rip era. For GR, the age of the universe is 1.377 × 10 10 years. However, in our model, the time is given by (36) . So, substituting the corresponding values for L 2 , C and taking Y = R(t) R(t0) = 1, we obtain 1.391 × 10 10 years for the age of the universe. To compute when the Big-Rip will happen, we need to use (47). That is Y Rip = 1.684, so t Big-Rip = 3.042×10 10 years. Therefore, the Universe has lived less than half of its life.
On the other side, in [25] we obtained that, inδ Gravity withoutδ matter, the age of the universe is 1.92 × 10 10 years and t Big-Rip = 4.3 × 10 10 years. The problem in this case is the huge age of the universe, compared with Planck Collaboration given by 1.381 × 10 10 years 3 . However, we cannot say that this case is totally rejected yet, but the age of the universe forδ Gravity withδ matter is more similar to Planck.
When we obtained the effective scale factor, given by (46), it was clear that it is not possible to obtain a Big-Rip if C = 0. This means that, inδ Gravity, a minimal component of radiation is necessary obtain an accelerated expansion of the Universe and explain the supernovae data without dark energy, so 1 C = 0. In this way, the accelerated expansion of the Universe can be understood as a geometric effect.
On the other side, using (42) (43) , theδ matter in the present is given by:
So, defining the normalizeδ densities in the present:
Therefore, we have two components ofδ matter, related to ordinary matter at cosmological level. These components can be considered like a contribution to Dark Matter, however a more accuracy analysis in a field theory level is necessary to understand the nature ofδ matter. In any case,Ω M andΩ R are important to explain the dynamic of the expansion of the universe. So, the observation of others cosmological phenomena, like the CMB, must be taken into account.
In conclusion, we have two points of view ofδ Gravity. In the first one, we do not haveδ matter and the new symmetry is broken. This computation is explained with more details in [25] . In the second one, we haveδ matter, so the new symmetry is preserved. For this computation, we have used an action to describe a perfect fluid, given by (89). To preserve the new symmetry, it is necessary a new energy-momentum tensor,T µν , given by the equation (8) . To compute this tensor, we need to use an off-shell expression for T µν , unlike in the first case, where we used an on-shell expression. All of these differences give us different results, but the same effect, an accelerated expansion of the universe without dark energy.δ Gravity is a recent work, therefore we cannot discard any of them. We must consider both cases like two different versions ofδ Gravity.
To conclude the cosmological case, we will briefly comment about the general equations of motion for only one fluid inδ Gravity for future references. Using the cosmological solution for g µν andg µν , given by (22) and (23) respectively, we obtain:
where H(t) =Ṙ 
R(t) is the Hubble parameter andp(t) =δp(t).
To complete the system, we need equations of state to solve them. They are p(t) = ω(t)ρ(t) andp(t) = ω(t)ρ(t) +ω(t)ρ(t). In a perfect fluid, ω(t) usually is assumed to be constant andω(t) must be zero in that case. So, using these equations of state in (57-60), we obtain:
In order to understand the behavior of these equations, we will solve the case where ω(t) is almost constant, to be close to a perfect fluid. The solution is:
, with: ω = −1 R 1 e λt , with: ω = −1
, with: ω = 1
, with:
where R 0 , R 1 , R 2 , R 3 , t 0 , a 0 and a 1 are integration constants. From this result, we notice that R(t) obey the standard power-law solution in a perfect fluid with a constant ω. However, we must remember that the dynamic of the universe inδ Gravity is given by the effective scale factor, (24) , that produce an accelerated expansion. This means that we can define an effective Hubble parameter given by H(t) ≡Ṙ . In this case, withω = 0, it is:
, with: ω = 1, (64) where X = R(t) R0 and c 1 , c 2 , d 1 and d 2 are integration constant. Therefore, even with a standard power-law solution, we can obtain a different behavior. However, we have to say that the power-law solution is just for a perfect fluid. Actually, the solution of R(t) in some specific model will be the same solution obtained in GR. That is because the Einstein's equation are preserved inδ Gravity, but the dynamic is affected by the effective scale factor. For example, in inflation, a scalar field is used to produce the exponential expansion. In that case:
With GR, inflation must obey V (ϕ 0 (t)) φ 2 0 (t) to obtain ω(t) = p(t) ρ(t) ∼ −1, such that the expansion is exponential (See equation (63)). However, inδ Gravity the expansion rate is governed by H(t) =Ṙ . Then the accelerated expansion could be produced by a divergence inR(t), just like we explained dark energy. Additionally in inflation, we have a new field,φ 0 , giving us a non-zeroω(t). In conclusion, in inflation withδ Gravity, an accelerated expansion can be produced by additional factors. The application of these ideas to study inflation will be published elsewhere.
Conclusions.
We have proposed a modified model of gravity. It incorporates a new gravitational fieldg µν that transforms correctly under general coordinate transformations and exhibits a new symmetry: theδ symmetry. The new action is invariant under these transformations. We call this new gravity modelδ Gravity. A quantum field theory analysis ofδ Gravity has been developed in [20] .
In this paper, we studiedδ Gravity at a classical level. For this, we were required to set up the following three issues. First, we needed to find the equations of motion forδ Gravity. One of them are Einstein's equations, which gives us g µν , and additionally we have the equation ofg µν . Secondly, we needed the modified action for a test particle. This action, (18) , incorporates the new fieldg µν . We obtained that a massless particle, like a photon for example, moves in a null geodesic of g µν = g µν +g µν and that a massive particle is governed by the equation of motion (14) . Third, we needed to fix the gauge for g µν andg µν . For this, we developed the extended harmonic gauge given by (115) and (116).
Then, we studied the cosmological case. In [24] it was shown thatδ Gravity predicts an accelerated expansion of the Universe without a cosmological constant or additional scalar fields by using an approximation valid at small redshifts. In [25] , it is developed an exact expression for the cosmological luminosity distance. However, in both cases, we assumed that we do not haveδ matter. In this paper, we found the exact solution forδ Gravity withδ matter. For this, fixing the gauge for g µν andg µν was necessary, using an extended harmonic gauge. We verified thatδ Gravity does not require dark energy to explain the accelerated expansion of the universe too. For this, we used the test particle action. We found that photons move on a null geodesic of g µν = g µν +g µν , so a new scale factorR(t) is defined with this effective metric. In the universe, we only have non-relativistic matter and radiation, where the solution of the equations of motion is exact andR(t) is given by (46).
We also computed the age of the Universe and it is practically the same as in GR and Planck. On the other side, our model ends in a Big-Rip and we computed when it will happen. The universe has lived less than half of its life. Even though the Big-Rip could be seen as a problem, we have some way outs from the Big-Rip. Any mechanism that can provide masses to the massless particles in the model will be suitable, since then C = 0 which avoids a Big-Rip. For example, the appearance of massive photons at times close to the Big-Rip, by effects similar to superconductivity [39] . These effects could occur at very low temperatures which are common at later stages of the evolution of the Universe.
Besides, we computed theδ matter in the present, where we obtained that theδ non-relativistic matter is 23% the ordinary non-relativistic matter. This result may imply that dark matter is in partδ matter. To verify this, it is necessary to study the CMB power spectrum with the present model. Additionally, we have a very small quantity ofδ radiation.
Finally, we made a few comment about the equation of motion for only one fluid. This calculation could be useful to study more complex systems. For example, we can use them to explain the exponential expansion in inflation, just like we explained the accelerated expansion with the effective scale factorṘ . Further tests of the model must include the computation of the CMB power spectrum and the formation and evolution of the large-scale structure of the universe. Work in these new directions is in progress.
In [23] was noted that the Hamiltonian ofδ models are not bounded from below, such that phantoms cosmological models [26]- [30] . However, it is not clear whether this problem will persist or not in a diffeomorphism-invariant model asδ Gravity. Phantom fields are used to explain the accelerated expansion of the Universe. However, in our model, it is produced by a small quantity of a radiation component in the Universe, not by a phantom field. Therefore, the radiation density in the present, Ω R , have to be included in the computation in spite of Ω R 1. In this context, the accelerated expansion of the Universe can be interpreted as a geometric effect.
Appendix A:δ Theories.
In this Appendix, we will define theδ theories in general and their properties. For more details, see [20, 40]. δ Variation:
These theories consist in the application of a variation represented byδ. As a variation, it will have all the properties of a usual variation such as:δ
where δ is another variation. The particular point with this variation is that, when we apply it on a field (function, tensor, etc.), it will give new elements that we define asδ fields, which is an entirely new independent object from the original,Φ =δ(Φ). We use the convention that a tilde tensor is equal to theδ transformation of the original tensor when all its indexes are covariant. This means thatS µνα... ≡δ (S µνα... ) and we raise and lower indexes using the metric g µν . Therefore:
where we used that δ(g
δ Transformation:
With the previous notation in mind, we can define how the tilde elements, given by (66), transform. In general, we can represent a transformation of a field Φ i like:
where j is the parameter of the transformation. ThenΦ i =δΦ i transforms:
where we used thatδδΦ i =δδΦ i =δΦ i and˜ j =δ j is the parameter of the new transformation. These extended transformations form a close algebra [40] . Now, we consider general coordinate transformations or diffeomorphism in its infinitesimal form:
whereδ will be the general coordinate transformation from now on. Defining:
and using (68), we can see a few examples of how some elements transform:
III) Rank two Covariant Tensor M µν :
These new transformations are the basis ofδ theories. Particulary, in gravitation we have a model with two fields. The first one is just the usual gravitational field g µν and the second one isg µν . Then, we will have two gauge transformations associated to general coordinate transformation. We will call it extended general coordinate transformation, given by:δ g µν = ξ 0µ;ν + ξ 0ν;µ (77)
where we used (75) and (76). Now, we can introduce theδ theories.
Modified Action:
In the last section, the extended general coordinate transformations were defined. So, we can look for an invariant action. We start by considering a model which is based on a given action S 0 [φ I ] where φ I are generic fields, then we add to it a piece which is equal to aδ variation with respect to the fields and we letδφ J =φ J , so that we have:
the index I can represent any kind of indices. (79) give us the basic structure to define any modified element for δ type theories. In fact, this action is invariant under our extended general coordinate transformations developed previously. For this, see [40] .
A first important property of this action is that the classical equations of the original fields are preserved. We can see this when (79) is varied with respect toφ I :
Obviously, we have new equations when varied with respect to φ I . These equations determineφ I and they can be reduced to:
Appendix C: Perfect Fluid:
To parametrize a perfect fluid, a usual action is [43] :
where r is the number of particles per unit volume in the mean frame of reference of these particles, ε(r) is the internal energy density per unit mass of the fluid, u a is the speed of the fluid in the local frame and λ 1 and λ 2 are Lagrange multipliers that ensure the normalization of u a and conservation of mass, respectively. Finally, we have that U α = e a α u a , where e a α is the Vierbein. From this action, we can see that the independent variables are g µν , r, u a , λ 1 and λ 2 , where e a α depend of g µν . So, our modified action is:
withr =δr, ε (r) = ∂ε ∂r (r),ũ a =δu a , U α T = e aαũ a ,λ 1 =δλ 1 andλ 2 =δλ 2 are new Lagrange multipliers. The energy-momentum tensor is:
and we have used
. Besides, we can compute that:
Then, we have a modified action with ten independent variables: g µν , r, u a , λ 1 , λ 2 ,g µν ,r,ũ a ,λ 1 andλ 2 . So, we must solve (5) and (6) using (91) and (92) to obtain g µν andg µν . Fortunately, we can use the equations of motion for r, u a , λ 1 , λ 2 ,r,ũ a ,λ 1 andλ 2 . These equations can be reduced to: 
Then, the energy-momentum tensors are:
T µν = r 2 ε (r)g µν + r (1 + ε(r) + rε (r)) U µ U ν (105)
T µν = r 2 ε (r)g µν + rr (2ε (r) + rε (r)) g µν +r 1 + ε(r) + 3rε (r) + r 2 ε (r) U µ U ν +r (1 + ε(r) + rε (r))
and the equations that survive are:
(1 + ε(r) + rε (r)) U α D α U µ + δ 
These equations are related to (7) and (8) . So, they are a complete system of equations. Finally, from (105) we can identify that ρ = r (1 + ε(r)) and p(ρ) = r 2 ε (r). Therefore, the final expressions of the energy-momentum tensors are:
T µν = p(ρ)g µν + ∂p ∂ρ (ρ)ρg µν + ρ + ∂p ∂ρ (ρ)ρ U µ U ν
In this paper, we will use (113) and (114) to solve (5), (6) , (7) and (8) for a perfect fluid in the cosmological case.
Appendix D: Harmonic Gauge.
We know that the Einstein's equations do not fix all degrees of freedom of g µν . This means that, if g µν is solution, then exist other solution g µν given by a general coordinate transformation x → x . We can eliminate these degrees of freedom by adopting some particular coordinate system, fixing the gauge.
One particularly convenient gauge is given by the harmonic coordinate conditions. That is:
Under general coordinate transformation, Γ µ transform:
Therefore, if Γ α does not vanish, we can define a new coordinate system x µ where Γ µ = 0. So, it is always possible to choose an harmonic coordinate system (For more detail about harmonic gauge see, for example, [44] ).
In the same form, we need to fix the gauge forg µν . It is natural to choose a gauge given by:
whereδ Γ Acknowledgements. 
